We study a relation between droplet configurations in the bubbling AdS geometries and a complex matrix model that describes the dynamics of a class of chiral primary operators in dual N = 4 super Yang Mills (SYM). We show rigorously that a holomorphic sector of the complex matrix model is equivalent to a holomorphic part of two-dimensional free fermions, and establish an exact correspondence between the holomorphic sector of the complex matrix model and one-dimensional free fermions. Based on this correspondence, we find a relation of the holomorphic operators of the complex matrix model to the Wigner phase space distribution. By using this relation and the AdS/CFT duality, we give a further evidence that the droplets in the bubbling AdS geometries are identified with those in the phase space of the one-dimensional fermions. We also show that the above correspondence actually maps the operators of N = 4 SYM corresponding to the (dual) giant gravitons to the droplet configurations proposed in the literature.
Introduction
Recently much attention has been paid to the half-BPS sector in the AdS/CFT correspondence [1, 2, 3] due to the following two interesting observations. First, it was discussed in [4, 5, 6] that the dynamics of the chiral primary operators of N = 4 super Yang Mills (SYM) on S 3 × R that correspond to Kaluza-Klein (KK) gravitons, giant gravitons [7] and dual giant gravitons [8, 4] in the supergravity side is described by a complex matrix model (complex matrix quantum mechanics), which is obtained by reducing N = 4 SYM to one dimension. It was pointed out in [6] that a holomorphic sector of the complex matrix model is related to one-dimensional ((1 + 1)-dimensional) fermions in the harmonic potential. In fact, the one-dimensional free fermions arise from a hermitian matrix model (hermitian matrix quantum mechanics) whose action is formally the same as that of the complex matrix model [10] , and the number of the degrees of freedom of the hermitian matrix model is equal to that of the holomorphic sector of the complex matrix model. Second, as shown by Lin-Lunin-Maldacena (LLM) [9] , the half-BPS solutions of type IIB supergravity that preserve R × SO(4) × SO(4) isometry are characterized by a single function satisfying a differential equation. The single function can be determined by giving an appropriate boundary condition in a two-dimensional subspace in ten-dimensional spacetime. Giving a boundary condition is equivalent to specifying shapes of droplets on the two-dimensional subspace. This is so-called bubbling AdS geometries (for further developments, see ). The aforementioned gravity states should belong to the above class of the half-BPS solutions. It is plausible due to the first observation mentioned above that these droplets are identified with those in the phase space of the one-dimensional free fermions. In fact, some evidences that support this remarkable identification have been reported [9, 11, 12] .
However, a precise map between the complex matrix model in the SYM side and the droplet configurations in the bubbling AdS geometries has not been given in the literature.
The purpose of this paper is to find this map and give a further evidence of the above identification. Revisiting the analyses in [5, 13] , we first show rigorously that the holomorphic sector of the complex matrix model is equivalent to a holomorphic part of two-dimensional ((2 + 1)-dimensional) free fermions in the spherically symmetric harmonic potential. It has been discussed [32, 33] that these two-dimensional free fermions are related to the onedimensional free fermions. Another interesting work relevant for us is Ref. [12] . The authors of [12] identified fluctuations of the droplet of the AdS 5 × S 5 geometry that are responsible for the KK gravitons. Then, by representing the effective action for the KK gravitons in terms of these fluctuations, they gave a supporting evidence of the identification. Motivated by these works, we next establish an exact correspondence between the holomorphic sector of the complex matrix model and the one-dimensional free fermions. Based on this correspondence, we find a relation of the holomorphic operators of the complex matrix model to the Wigner phase space distribution of the one-dimensional fermions. Using this relation and the AdS/CFT duality, we give a further evidence that the droplets in the bubbling AdS geometries are identified with those in the phase space of the one-dimensional free fermions.
We also show that the above correspondence actually maps the operators of N = 4 SYM corresponding to the (dual) giant gravitons to the droplet configurations of the supergravity side proposed in [6, 9] . Most of our results also hold beyond the classical limit, namely at finite N, so that we expect to gain a clue from them in extending the bubbling AdS business to finite N.
The present paper is organized as follows. Section 2 is devoted to review. In section 2.1, we refer to a class of chiral primary operators of N = 4 SYM on S 3 × R and their correlation functions that are analogues of the extremal correlators of N = 4 SYM on R 4 and we are concerned with throughout the paper. We also describe a complex matrix model that is used in calculation of these correlation functions. In section 2.2, based on
Refs. [34, 11, 30] , we summarize the results for the one-dimensional free fermions in the harmonic potential. In particular, we describe the classical phase space density and its quantum analogue, the Wigner phase space distribution. In section 2.3, we review the bubbling AdS geometries and its conjectured relation to the classical phase space of the one-dimensional free fermions. In section 3, we study the complex matrix model. We reduce the holomorphic sector of the matrix model to the holomorphic part of two-dimensional free fermions in the spherically symmetric harmonic potential. We also develop the second quantization of these two-dimensional fermions. This gives an exact correspondence between the holomorphic sector of the complex matrix model and the one-dimensional free fermions.
In section 4, based on the correspondence, we find a relation of the holomorphic operators of the complex matrix model to the Wigner phase space distribution. Using this relation and the AdS/CFT duality, we give a further evidence that the droplets in the bubbling AdS geometries are identified with those in the phase space of the one-dimensional fermions. In section 5, using the correspondence established in section 3, we construct in the Hilbert space of the one-dimensional fermions the states that correspond to the (dual) giant gravitons, and reproduce the droplet configurations of the (dual) giant gravitons in the supergravity side proposed in [6, 9] . Section 6 is devoted to summary and discussion. In appendix A, we present the results for harmonic oscillators in one and two dimensions, which we use in the main text. In appendix B, we give another derivation of the relation in section 4.
Review

Chiral primary operators and extremal correlators in N = 4 SYM
In this subsection, we review some facts about a BPS sector of N = 4 SYM. We are concerned with the chiral primary operators that take the form
Tr(Z Ja ), (2.1)
where Z = 1 √ 2 (φ 1 + iφ 2 ) with φ 1 and φ 2 being two of six real scalars of N = 4 SYM. For simplicity, we denote a set {J 1 , J 2 , · · · , J p } symbolically by {J}. We first consider correlation functions in N = 4 SYM on R 4 of the type
2)
which are called the extremal correlators in the literature. The charge conservation requires that
where
There is a non-renormalization theorem on the extremal correlators telling that one can calculate them by using only the free part of the theory [35] . Next, we consider the chiral primary operators (2.1) in N = 4 SYM on S 3 ×R. We restrict ourselves to the lowest Kaluza-Klein modes on S 3 because we are interested in half-BPS operators, so O {J 1 ,J 2 ,···,Jp} (t) has only the t-dependence. (Linear combinations of) these operators can represent the KK gravitons, the giant gravitons and the dual giant gravitons [5, 6, 9] . We consider correlation functions of the type
where t 0 > t r (r = 1, · · · , M). These correlation functions are counterparts of the extremal correlators (2.2) on R 4 . It is natural to consider that the non-renormalization theorem also holds for the correlation functions (2.5) and one can calculate them using the free part of the theory. Reducing N = 4 SYM to the free part of Z(t) yields a matrix quantum mechanics defined by
where Z(t) is an N × N complex matrix and the path-integral measure is defined through norm in the configuration space of the matrix ||dZ(t)|| 2 = 2Tr(dZ(t)dZ † (t)).
(2.7)
The potential term in the action arises from a coupling of the conformal matter to the curvature of S 3 and we have rescaled the field and the time appropriately. In this paper, we assume the non-renormalization theorem for the correlation functions (2.5) and
concentrate on their calculation through the complex matrix model (2.6). The condition t 0 > t r (r = 1, · · · , M) in (2.5) is naturally understood from the following fact, which was pointed out in [5] . The extremal correlators (2.2) calculated through the free part of the theory agree with the correlation functions (2.5) calculated through the matrix model if all the propagators Z ij (x)Z * kl (y) = δ ik δ jl /(x−y) 2 in (2.2) are replaced with those of the matrix model Z ij (t)Z * kl (t 0 ) = δ ik δ jl e i(t−t 0 ) /2 that are valid for t 0 > t. .
One-dimensional fermions in the harmonic potential
In this subsection, based on [34, 11, 30] , we summarize the results for a one-dimensional system consisting of N non-interacting fermions in the harmonic potential. The classical one-body hamiltonian is given by h cl = 1 2 p 2 + 1 2 q 2 . First, we describe a classical aspect of this system. A useful object in discussing the classical aspect is the classical phase space density u cl (p, q, t), which takes the values 0 or 1. Regions in which u cl (p, q, t) = 1 are called 'droplets'. The total area of droplets is equal to 2π N (we put = 1):
It is convenient to introduce the polar coordinates (r, φ), q = r cos φ, p = r sin φ.
(2.9)
wherer(φ) is the boundary profile function, namely the equation r =r(φ) represents a shape of a boundary of a droplet. Here we assume that there is only a single droplet andr(φ) is a single-valued function. For example, the ground state is represented by a circular droplet r(φ) = r 0 with r 2 0 = 2N. By using the classical equations of motionq = p,ṗ = −q, it is easy to show that u cl satisfies the equation of motion
Next, let us discuss a quantum aspect of the system. The quantum theory of the system is described by the second-quantized hamiltonian
which turns out to fix the total number of particles to N. Here ψ(q, t) is a fermionic field that satisfies the anti-commutation relation
It is seen from (2.15) and (2.14) that ψ(q, t) is expanded in terms of creation-annihilation
where E n = n + 1 2 and ϕ n (q) is the normalized one-body wave function of the n-th excited state, which is defined in (A.4). The hamiltonian (2.12) and the constraint (2.13) are expressed as
(2.17)
The lefthand side of the second equation is the number operator, as promised. The ground state is
where |0 is the Fock vacuum defined byĈ n |0 = 0 (n = 0, 1, · · ·). Excited states are obtained by replacing some of theĈ † n in |Ω withĈ † n 's with n > N − 1 in such a way that the total number ofĈ † n 's is preserved. An object that plays a crucial role in our analysis is the Wigner phase space distribution u(p, q, t), which is defined bŷ
It follows from (2.15) and (2.13) that the Wigner phase space distribution satisfies the
and a constraint dpdq 2πû (p, q, t) = N.
There is another important constraint on the expectation value ofû,ū(p, q, t) = Υ|û(p, q, t)|Υ ,
where |Υ is an arbitrary state that satisfies the constraint (2.13).ū(p, q, t) satisfies a con-
where * stands for the Moyal product:
It is sometimes convenient to consider a Fourier transform ofû(p, q, t): 
and a constraintũ (0, 0, t) = N.
It is easy to show thatũ(α, β, t) also satisfies the W ∞ algebra
In fact,ũ(α, β, t) is characterized by (2.25), (2.26) and (2.27 ).
An important property ofû(p, q, t) is that its expectation valueū(p, q, t) is reduced to the classical phase space density u cl (p, q, t) in the classical limit. Actually, because the Moyal product becomes the ordinary product in the classical limit, the constraint (2.22) is reduced to an equation (ū) 2 =ū, whose solution isū = 0 or 1. 
Half-BPS geometries and free fermion droplets
In this sebsection, we review the LLM description of the AdS 5 × S 5 geometry and the half-BPS fluctuation modes in [9, 12] .
All half-BPS geometries of type IIB supergravity which preserve the R × SO(4) × SO (4) isometry are obtained by LLM [9] . These half-BPS geometries are given by
where a single function z(x 1 , x 2 , y) obeys the differential equation
and characterizes the solutions. The function 1 2 − z on the y = 0 plane, which we denote by w, takes the values 0 or 1 and defines droplets as u cl does. In the LLM description, the AdS 5 × S 5 geometry is given by
Here r 0 is identified with the AdS radius R through r 0 = R 2 = √ 2N and (r, φ) are the polar coordinates of the x 1 -x 2 plane. The droplet configuration (w(x 1 , x 2 )) is a circular droplet with the radius r 0 in the (x 1 , x 2 ) plane (see Fig. 1 ).
In [12] a subclass of metric perturbation around the AdS 5 × S 5 is discussed. Such perturbation is obtained by considering small ripples of the circular droplet. The boundary of the perturbed droplet in the polar coordinates is given bȳ
is expanded in Fourier modes as
a n e inφ , a * n = a −n (2.33) (see Fig. 2 ). Here the zero mode is absent due to the area preserving deformation (to the first order in δr). Then one can express the resultant metric perturbation in terms of a n . The result shows that the gravity modes described by a n are the KK gravitons that, according to the standard AdS/CFT dictionary, correspond to TrZ n for n > 0 and Tr(Z †|n| ) for n < 0 in dual N = 4 SYM. Moreover, one can read off the commutation relation among a n 's from the effective action that gives the equations of motion for this metric perturbation:
[a m , a n ] ∼ mδ mn .
(2.34)
This commutation relation agrees with the one that is obtained when the droplet is regarded as the droplet on the classical phase space of one-dimensional fermions in the harmonic potential, with the identification x 1 = q, x 2 = p. Thus we are allowed to identify droplets in the x 1 − x 2 plane with those in the (p, q) phase space of the one-dimensional fermions.
3 Complex matrix model
Complex matrix model and free fermions in two dimensions
In this subsection, we study the complex matrix model introduced in section 2.2. In particular, we show that if we restrict ourselves to the correlation functions (2.5), we can regard the model as a holomorphic part of a two-dimensional system of free fermions in the spherically symmetric harmonic potential. The action in (2.6) is evaluated as
while the norm (2.7) as
from which we find an explicit form of the path-integral measure:
By comparing (3.1) and (3.3) with (A.15) and (A.16) in appendix A, we see that the system is nothing but a set of N 2 independent two-dimensional harmonic oscillators that are spherically symmetric.
We can quantize the system canonically as we do for the one-body system in appendix
A. In what follows, we make use of the results in appendix A. The quantum hamiltonian iŝ 4) and the normalized ground state wave function is
The measure for the inner product between the wave functions is
We see from the results in appendix A that wave functions that take the form
are eigenfunctions ofĤ with eigenvalues N 2 + K b=1 J b . This observation enables us to calculate the correlation functions (2.5) as follows:
Here the result is independent of the order of t 1 , · · · , t M although we assumed in the above calculation t 0 > t 1 > · · · > t M . Hence it is necessary and sufficient for calculating the correlation functions (2.5) to examine the wave functions (3.7), which are holomorphic except for the factor e − i,j Z ij Z * ij . Let us see that as far as the wave functions (3.7) are concerned, we can reduce the dynamical degrees of freedom of the system to N eigenvalues of Z. We express Z in terms of a unitary matrix and a triangle complex matrix as
where UU † = 1, T ij = 0 for i > j and the T ii (i = 1, · · · , N) are the eigenvalues of Z [36] .
Note that the number of real parameters in Z is 2N 2 while those in U and T are N 2 and N(N + 1), respectively. This reflects the fact that Z does not determine U and T uniquely:
This redundancy enables us to impose N constraints on variation of U. Variation of Z is
where dH = −iU † dU and dH is a hermitian matrix. We impose the constraint dH ii = 0 (i = 1, · · · , N). Because ||dZ|| 2 = ||dT + i(dHT − T dH)|| 2 , we can make a change of variables from Z ij to H ij (i > j) and T ij (i ≤ j). The jacobian for this change of variables is |∆(z)| 2 [36] , where
Hence we obtain
This leads us to redefine a wave function χ as
and the hamiltonianĤ asĤ
Thus the system is equivalently described by the hamiltonianĤ F and the wave functions
In particular, if χ is an eigenstate ofĤ with an eigenvalue E, χ F is an eigenstate ofĤ F with the same eigenvalue E. χ
is expressed in terms of z i and T ij (i < j) as
We see from this expression that χ
where Φ l (z, z * ) is a 'holomorphic' wave function or a wave function of the lowest Landau level, which is defined in (A.13). Namely, χ (J 1 ,···,J K ) F is a wave function of an energy eigenstate of a two-dimensional system consisting of N fermions and 1 2 N(N − 1) bosons which are governed by the spherically symmetric harmonic potential and do not interact each other. Here, the fermions are in the "holomorphic" states, and the bosons are in the ground state. The total energy of the fermions is 1 2 N(N + 1) + K b=1 J b , where 1 2 N(N + 1) corresponds to the energy of the ground state of fermions, and the total energy of the boson is 1 2 N(N − 1). The sum of these two total energies is equal to the eigenvalue ofĤ F with respect to χ
, so that we can identify the system with the system of these free fermions and bosons, as far as we concentrate on the wave functions χ
. Because the bosons are always in the ground state, their contribution to the eigenvalues ofĤ F is always 1 2 N(N − 1) , and in the inner product χ and replace the measure in the inner product (3.15) with i dz i dz * i . In this way, we have reduced the holomorphic sector of the complex matrix model to the holomorphic part of two-dimensional free fermions in the harmonic potential.
Second quantization of two-dimensional fermions
In this subsection, we develop a second quantized theory of the holomorphic part of the twodimensional free fermions in the previous subsection and establish an exact correspondence between the holomorphic sector of the complex matrix model and the one-dimensional free fermions. The observation in the previous subsection leads us to introduce a fermion field (3.18) where E l = l + 1, andĈ l andĈ † l satisfy the anti-commutation relation {Ĉ l ,Ĉ † m } = δ lm . TheĈ l in (3.18) will be identified withĈ l in (2.16) below. This fermion field satisfies an anti-commutation relation
K behaves as the delta function with respect to functions spanned by the Φ l (z, z * ), namely holomorphic functions of z times e −zz * . Ψ(z, z * , t) also satisfies a constraint that the total number of fermions be N,
The ground state |Ω is again given by
where |0 is the Fock vacuum defined byĈ l |0 = 0.
We define the operatorsŝ J (t) bŷ
whereÛ (z, z * , t) is interpreted as the density operator restricted to the "holomorphic" sector. It is easy to verify that one can calculate the correlation functions (2.5) by making a correspondence in the second line of (3.8):
The explicit form ofŝ J (t) is easily calculated aŝ
Note that because [ŝ J (t),ŝ J ′ (t)] = 0, there is no ordering ambiguity in translating the multitrace operators into products ofŝ J 's. Thus, if we identifyĈ l andĈ † l inŝ J with those of the one-dimensional fermions, we establish an exact correspondence between the holomorphic sector of the complex matrix model and the one-dimensional free fermions in the harmonic potential.
As an example, we give the calculation of Tr(Z † (t 0 ) 4 )Tr(Z(t 1 ) 2 )Tr(Z(t 2 ) 2 ) with t 0 > t 1 , t 2 , based on the formalism we developed above.
From (3.25) , we obtain the final result
which we can also obtain by applying the 'Wick theorem' with respect to Z ij and Z * ij to the last line of (3. In section 2.3, we saw a n (n > 0) in (2.33), which is the Fourier mode of the small fluctuation around the circular droplet (Fig 2) , yields the KK graviton that corresponds to Tr(Z(t) n ) in dual N = 4 SYM according to the standard AdS/CFT dictionary. In this case, w in section 2.3 that specifies the droplet is given by
where x 1 = r cos φ, x 2 = r sin φ. Thus, we obtain from (2.33) a relation a n = 1 2πr 0 g n (r 0 ) dr dφrg n (r)e −inφ w(x 1 , x 2 ). At this stage, g n (r) is arbitrary. In the previous section, we constructedŝ J (t) which corresponds to Tr(Z(t) J ) quantum mechanically. The quantum analogue of the classical phase space density u cl isû. Then, if the droplet specified by w(x 1 , x 2 ) are identified with that in the phase space of the free fermions through w(x 1 , x 2 ) = u cl (p, q) with x 1 = q and x 2 = p, we expect the following identity to hold quantum mechanically:
Here an overall coefficient A J and a function g J (r) will be determined soon. The existence of the relation (4.3) serves as an evidence that the droplets in the bubbling AdS geometries are identified with those in the phase space of the one-dimensional free fermions. This is one of our results in this paper.
In what follows, we will see that the relation (4.3) indeed holds. We first evaluateû(p, q, t)
explicitly. From (2.16) and (2.19) , we obtain
In order to calculate the integral in (4.4), we deform the contour as x → 2x + 2ip and make use of the following formula: From (4.8), we naively expect that a relationÛ(z, z * , t) = 1 πû (p, q, t) holds with the identification z = 1 2 (q − ip). Unfortunately, this is not the case. It is, however, known [33] that there is a simple relation betweenũ(α, β, t) and a Fourier transform ofÛ . In appendix B, we give another derivation of (4.8) based on this relation.
Mapping (dual) giant gravitons to droplets
In this section, using (3.23), we construct in the Hilbert space of the one-dimensional fermions the states corresponding to the (dual) giant gravitons. We will see that the classical phase space density that is the classical limit of the expectation value of the Wigner phase space distribution with respect to these states actually agree with the corresponding droplet configurations in the supergravity side proposed in [6, 9] .
First, let us see how the maximal giant graviton, whose angular momentum N, is realized in the Hilbert space of the one-dimensional fermions. The operator of N = 4 SYM corresponding to the maximal giant graviton is given by [38] 1 
This is consistent with the proposal in [6, 9] that the maximal giant graviton is given by the circular droplet with a small circular defect in the center in the bubbling AdS geometries (see Fig. 5 ). As a check, using (4.7) and (5.2), we calculate the expectation value ofû with respect to this state:
We verified numerically that this function represents the circular droplet with a small circular defect in the center for large N. Next, we examine the dual giant gravitons. The dual giant graviton with the angular
In the same way as the maximal giant graviton, we can translate this operator into a linear combination of products ofŝ J and construct the corresponding state |DGG L in the Hilbert space of the one-dimensional fermions. The result is
This is also consistent with the proposal in [6, 9] that the dual giant gravitons are given by the circular droplet and a small droplet outside the circular droplet in the bubbling AdS geometries (see Fig. 6 ).
Summary and discussion
In this paper, we study a relation between the droplet configurations in the bubbling AdS geometries and the holomorphic sector of the complex matrix model that can describe a class of the chiral primary operators of N = 4 SYM. We first showed rigorously that the holomorphic sector of the complex matrix model is equivalent to the holomorphic part of the two-dimensional fermions We developed the second quantization of these fermions and established the exact correspondence between the holomorphic sector of the complex matrix model and the one-dimensional free fermions in the harmonic potential. Next, based on this correspondence, we find a relation between the operators Tr(Z(t) J ) of the complex matrix model and the Wigner phase space distribution. This gives via the AdS/CFT duality a further evidence that the droplets in the bubbling AdS geometries are identified with those in the phase space of the one-dimensional free fermions. Finally, we also constructed the states corresponding to the (dual) giant gravitons in the Hilbert space of the one-dimensional fermions. We obtained the droplet configurations for these states, which are consistent with the proposals in [6, 9] . Our main results are summarized in (3.23), (3.24), (4.8), (5.2) and (5.5) . These relations also hold at finite N, so that we expect to gain a clue from them in extending the bubbling AdS business to finite N. The details of the calculation in section 5
will be reported elsewhere with the results for the non-maximal giant graviton.
We make a comment on a hermitian matrix model whose action is formally the same as the complex matrix model:
where the path-integral measure is defined by the norm ||dφ(t)|| 2 = Tr((dφ(t)) 2 ). As is wellknown [10] , as far as the U(N)-invariant sector is concerned, the model can be reduced to a system of N eigenvalues and these eigenvalues behaves as one-dimensional non-interacting fermions in the harmonic potential, which were discussed in section 2.2. Then, a U(N)invariant operator Tr(φ(t) J ) which is a counterpart of Tr(Z(t) J ) in the complex matrix model is translated to a operator in the second quantized theory of the fermionŝ v J (t) = dqq J ψ † (q, t)ψ(q, t).
We cannot, however, replaceŝ J withv J in the calculation of the correlation functions (2.5) .
This yields extra terms that are formally obtained by 'contracting' Z ij and Z kl . This is a manifestation of the difference between the complex and hermitian matrix models.
There are some directions as extension of the present work. First, it has been discussed that the pp-wave limit of the bubbling AdS space is described by relativistic fermions in (1 + 1) dimensions [9, 29] . It is important to find a relation between these fermions and the complex matrix model. Topology changes in the bubbling geometry are also an interesting subject [28] . We hope our findings in this paper to give some insight to this subject.
These creation and annihilation operators satisfy the commutation relations
The normalized wave function for the (m, n) excited state, whose energy eigenvalue is m + n + 1, is given by ϕ m,n (q 1 , q 2 ) = ϕ m (q 1 )ϕ n (q 2 ).
It is crucial for our analysis in the main text to introduce the complex coordinate:
In this variable, the hamiltonian takes the form h = − ∂ 2 ∂z∂z * + zz * =ĉ † 1ĉ 1 +ĉ † 2ĉ 2 + 1, (A.9)
which satisfy again the commutation relations [ĉ i ,ĉ † j ] = δ ij , [ĉ i ,ĉ j ] = [ĉ † i ,ĉ † j ] = 0. By acting the creation operatorsĉ † 1 andĉ † 2 successively on the ground state, one can construct energy eigenstates, which form a normalized orthonormal basis:
The ground state, whose energy eigenvalue is one, takes the form in the complex variable Φ 0,0 (z, z * ) = 1 √ π e −zz * . (A.12)
The excited state Φ k,l (z, z * ) with the energy eigenvalue k + l + 1 is expressed as a linear combination of ϕ m,n with m + n = k + l. In particular, Φ 0,l is holomorphic except for the factor e −zz * : Φ 0,l (z, z * ) = 2 l πl! z l e −zz * . (A.13)
We denote Φ 0,l (z, z * ) simply by Φ l (z, z * ). Φ l (z, z * ) is a wave function of the lowest Landau level in the context of the quantum Hall effect. The measure used for the inner product between the wave functions is dq 1 dq 2 = 2 dRezdImz * ≡ dzdz * .
(A.14)
The system can be quantized equivalently by path-integral. The partition function is given by The last expression actually gives (4.8).
